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CONDITIONAL ALGEBRAS

@ INTRODUCTION AND MOTIVATION
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MOTIVATING QUESTION

MOTIVATING QUESTION

How can we define subjective conditional probabilities over
many-valued events?
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MOTIVATING QUESTION

MOTIVATING QUESTION

How can we define subjective conditional probabilities over
many-valued events?

Bic QUESTION UNDERNEATH
What sort of object does (logically) qualify as a conditional?

PROPOSED SOLUTION
Let's do it algebraically
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WHY BOTHER WITH MANY-VALUED EVENTS

@ subjective view of probability (betting
metaphor)
@ realistic bets need not have crisp ‘truth

values' on which bettor and bookmaker are
able to agree
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WHY BOTHER WITH MANY-VALUED EVENTS

@ subjective view of probability (betting
metaphor)

@ realistic bets need not have crisp ‘truth
values’ on which bettor and bookmaker are
able to agree

» bets on the women’s 800 meters should
pay in an inverse proportion to the
testosterone levels of the winner
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KEY IDEAS

SLOGAN

Instead of conditional probability, focus on simple probabilities on
conditional events
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KEY IDEAS

SLOGAN
Instead of conditional probability, focus on simple probabilities on
conditional events

FUNCTIONALITY CONSTRAINT

Take the probabilistic evaluations of conditionals as probabilities on
conditional algebras of events where the latter are evaluated
functionally

REJECTION CONSTRAINT

Say that a conditional 6 | ¢ is rejected if the antecedent is rejected.
A conditional is accepted if its antecedent is not rejected.
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How DID WE GET HERE

@ Dutch-Book Theorem is generalized to a variety of two-valued
non-classical logics
» J.B. Paris, A note on the Dutch Book method. Proceedings of
the 2nd International Symposium on Imprecise Probabilities and
their Applications, Ithaca, New York.(2001)
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How DID WE GET HERE

@ Dutch-Book Theorem is generalized to a variety of two-valued
non-classical logics
» J.B. Paris, A note on the Dutch Book method. Proceedings of
the 2nd International Symposium on Imprecise Probabilities and
their Applications, Ithaca, New York.(2001)
@ Dutch-Book Theorem for the tukasiewicz real-valued logic
» D. Mundici, Bookmaking over infinite valued events. Int. J. of
Approximate Reasoning, 46, 223-240, 2006
» J. Kiihr, D. Mundici, De Finetti theorem and Borel states in
[0, 1]-valued algebraic logic. Int. J. of Approximate Reasoning,
46(3), 605-616, 2007
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How TO GO CONDITIONAL?

Classically, just take the law of compound probability:

P(A A B)

P(A| B) = =55

provided, of course, that P(B) # 0
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THE TROUBLE WITH MV-LOGIC

Let F() be a real-valued valuation function. At least three (good)
choices for truth-functional Fj.

o F\(A B) = F(A) x F(B)
o FA(A,B) =min{F(A), F(B)}
o Fr(A,B) =max{0, F(A) + F(B) — 1}
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THE TROUBLE WITH MV-LOGIC

Let F() be a real-valued valuation function. At least three (good)
choices for truth-functional Fj.

e F\(A,B)=F(A) x F(B)

o FA(A,B) =min{F(A), F(B)}

o Fr(A,B) =max{0, F(A) + F(B) — 1}

How to choose? (Are there any good reasons to prefer any of the
above?)
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SOME LIKE PRODUCT

e T. Kroupa, Conditional probability on MV-algebras. Fuzzy Sets
and Systems, 149(2):369-381, 2005.

e F. Montagna, A notion of coherence for books on conditional
events in many-valued logic. Journal of Logic and Computation,
(to appear).
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CONDITIONAL ALGEBRAS

© BACK TO SQUARE ONE
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THE SUBJECTIVISTIC INTERPRETATION

KEY INTUITION

P(6 | ¢) represents an agent’s (rational) degree of belief on 6 given ¢
in terms of the agent's disposition to buy (or sell) a suitably defined
conditional bet
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THE SUBJECTIVISTIC INTERPRETATION

KEY INTUITION

P(6 | ¢) represents an agent’s (rational) degree of belief on 6 given ¢
in terms of the agent's disposition to buy (or sell) a suitably defined
conditional bet

RECALL OUR SLOGAN!

Instead of conditional probability let us focus on simple probabilities
on conditional events
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FROM CONDITIONAL ASSERTIONS TO EVENTS

[An] affirmation of the form 'if p then q' is commonly felt
less as an affirmation of a conditional than as a conditional
affirmation of the consequent. If, after we have made such
an affirmation, the antecedent turns out true, then we
consider ourselves committed to the consequent, and are
ready to acknowledge error if it proves false. If, on the
other hand, the antecedent turns out to have been false,
our conditional affirmation is as if it had never been made.

YW.V. Quine. Methods of Logic. Harvard University Press, 1959.
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WHAT WE AIM AT

o flexibility: many-valued conditional events generalizing the
boolean case

e modularity: distinct kinds of conditionals can be formally
represented by adding/removing axioms as needed
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CONDITIONAL EVENTS

e we take a conditional @ | ¢ as an expression reading
0 is the case given that 1) is the case.
e formally, we take the conditional 6 | ¢ just as a pair of formulae

@ we say that a conditional 6 | ¢ is a many-valued conditional if 6
and 1 are formulae of a many-valued logic
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CONDITIONAL EVENTS

e we take a conditional @ | ¢ as an expression reading
0 is the case given that 1) is the case.
e formally, we take the conditional 6 | ¢ just as a pair of formulae

@ we say that a conditional 6 | ¢ is a many-valued conditional if 6
and 1 are formulae of a many-valued logic

EXAMPLE

We are interested in formalizing reasoning based on conditional
assertions of the form:

@ the occurrence of road accidents increases significantly with wet
driving conditions
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CONDITIONAL ALGEBRAS

© CONSTRAINTS FOR MV-CONDITIONALS
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FUNCTIONALITY CONSTRAINT

KEY SEMANTIC IDEA

A many-valued conditional 6 | v is evaluated by a pair of functions
(f9> fw)
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FUNCTIONALITY CONSTRAINT

KEY SEMANTIC IDEA

A many-valued conditional 6 | v is evaluated by a pair of functions
(f9> fdJ)

@ each function f, has as domain a set of possible worlds

o for each possible world x, we call the real number f4(x) the
realization of ¢ at world x

e similarly if 6 | ¢ is a conditional event, we call the the pair
(fo(x), fy(x)) the realization of 6 | ¢ at x.
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FC FOR MV-ALGEBRAS

Let us fix k € N, and let F(k) be the set of all those functions

f :[0,1]* — [0, 1] which are continuous, piecewise linear, and such
that each piece has integer coefficients (i.e. k-variate McNaughton
functions). Then the algebra

‘F(k) = (F(k)7@7_‘7 fL, fT)
where for every f, g € F(k), and every x € [0, 1]

(f © g)(x) = min{L, f(x) + g(x)}, (=F)(x) =1 = f(x), fL.(x) =0,
and fr(x) =1,

is the free MV-algebra over k-free generators.
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FC FOR MV-ALGEBRAS

Let us fix k € N, and let F(k) be the set of all those functions

f :[0,1]* — [0, 1] which are continuous, piecewise linear, and such
that each piece has integer coefficients (i.e. k-variate McNaughton
functions). Then the algebra

‘F(k) = (F(k)7@7_‘7 fL, fT)
where for every f, g € F(k), and every x € [0, 1]

(f © g)(x) = min{L, f(x) + g(x)}, (=F)(x) =1 = f(x), fL.(x) =0,
and fr(x) =1,

is the free MV-algebra over k-free generators.

F (k) is the semantic (algebraic) structure for our many-valued events |
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CONDITIONAL EVENTS

The betting metaphor from subjective probability in the boolean case
takes conditional events to be three-valued. Thus a bet of the form

0 is:

@ won, if ¥ and 6 are both verified
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CONDITIONAL EVENTS

The betting metaphor from subjective probability in the boolean case
takes conditional events to be three-valued. Thus a bet of the form
0 is:

@ won, if ¥ and 6 are both verified

@ lost, if v is verified, and @ is not

o called off, if ¥ is not verified

TRIEVENTS

De Finetti used to stress the peculiar multi-valuedness of conditional
events (in the betting interpretation) by referring to them as
trievents.?

?B. de Finetti. The logic of probability. Philosophical Studies 77 (1):181-190,
1995.
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CONDITIONAL MV-EVENTS

If we let 6 | 1) be a MV-conditional event, we face the following
question
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CONDITIONAL MV-EVENTS

If we let 6 | 1) be a MV-conditional event, we face the following
question

Under which conditions a bet on 6 | ¢ is to be called off? J
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REJECTION CONSTRAINTS (RC)

Given the functionality constraint, let x be a possible world in [0, 1]k,
then there are two ways in which a many-valued bet on 6 | ) might
be called-off at x:
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REJECTION CONSTRAINTS (RC)

Given the functionality constraint, let x be a possible world in [0, 1]k,
then there are two ways in which a many-valued bet on 6 | ) might
be called-off at x:

@ f,(x) =0 (that is if ¢ is evaluated by x into 0)
Q fy(x) <1 (thatis if ¢ not evaluated by x into 1)

OBSERVATION
Clearly 1 and 2 above coincide in the boolean case
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THREE CONSTRAINTS

Case 1: Let 0| ¢ be a bet such that and consider all those possible
worlds x € [0, 1]% such that f;(x) > 0. Then we distinguish two
cases:
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cases:

(RC;) boolean: The conditional is accepted because it is not rejected.
In this case we are only interested in the qualitative acceptance
of the conditional 6 | ¢

(RC,) many-valued: In this second case, the degree « to which 1 is
true at x matters (i.e. fy(x) = o with 0 < o < 1)
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THREE CONSTRAINTS

Case 1: Let 0| ¢ be a bet such that and consider all those possible
worlds x € [0, 1]% such that f;(x) > 0. Then we distinguish two
cases:

(RC;) boolean: The conditional is accepted because it is not rejected.
In this case we are only interested in the qualitative acceptance
of the conditional 6 | ¢

(RC,) many-valued: In this second case, the degree « to which 1 is
true at x matters (i.e. fy(x) = o with 0 < o < 1)

Case 2:

(RG3) Not rejected are just those conditional events whose antecedent
1 is evaluated into 1.
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CONDITIONAL ALGEBRAS

Q@ CONDITIONAL MV-ALGEBRAS
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CONDITIONAL MV-ALGEBRAS

A conditional MV-algebra is defined as follows:
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CONDITIONAL MV-ALGEBRAS

A conditional MV-algebra is defined as follows:
(1) Let F(k) be a free MV-algebra and F(k)* its MV-bunch

(2) Let F(k x k™) be the MV-algebra freely generated by the pairs
(f,g) in the cartesian product F(k) x F(k)*

(3) For j =1,2,3, the conditional MV-algebra F(k) |; F(k)* is
defined as the quotient

F(k x k*)/3;

where J; is a suitably defined MV-ideal satisfying the rejection
constraint (RC;)
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CONDITIONAL ALGEBRAS

@ STATES ON CONDITIONAL MV-ALGEBRAS
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Jj=1

For j = 1, we claim that the algebra F(k) |1 F(k)* is a good
semantics for those conditionals € | 1) which are which are rejected in
all those worlds x such thatfy(x) = 0.
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Jj=1

For j = 1, we claim that the algebra F(k) |1 F(k)* is a good
semantics for those conditionals € | 1) which are which are rejected in
all those worlds x such thatfy(x) = 0. Recall from RC; that the
evaluation of ¢ needs to be crisp: if f,(x) > 0, then the bet is
accepted and rejected otherwise.
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Jj=1

For j = 1, we claim that the algebra F(k) |1 F(k)* is a good
semantics for those conditionals € | 1) which are which are rejected in
all those worlds x such thatfy(x) = 0. Recall from RC; that the
evaluation of ¢ needs to be crisp: if f,(x) > 0, then the bet is
accepted and rejected otherwise.

The Conditional MV-algebra F(k) |; F(k)* is the quotient algebra
F(k x k*)/31, where J; is the ideal generated by the following
elements:

(1) d((T,g), T) for all g € F(k)*, such that ker(g) = 0.

(2) d((f,g),(f,g")) for all g, g’ € F(k)* such that
ker(g) = ker(g’),

((Fxf'.g),(f.g)x(f',g)) for x € {A,V, &},

((—=f.g),~(f.g))

(3)

d
(4) d
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BAYES STATES

IDEA
Is a state on a conditional MV-algebra a conditional state ?
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BAYES STATES

IDEA
Is a state on a conditional MV-algebra a conditional state ?

Theorem. Let s be a state on F(k) |1 F(k)*, that is
s: F(k) |1 F(k)* — [0,1] is such that:
e s(T)=1 and,
o forall fi | g1, 6 | & € F(k) | F(k)', if (il &) O (h] &)=L,
then s((f1 | g1) © (2 | 82)) = s(fi | &1) + s(f2 | &2)-
Then s satisfies the following properties:
o s(- | g) is a state on F(k) for all g € F(k)* with ker(g) = 0.
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IDEA
Is a state on a conditional MV-algebra a conditional state ?

Theorem. Let s be a state on F(k) |1 F(k)*, that is
s: F(k) |1 F(k)* — [0,1] is such that:
e s(T)=1 and,
o forallfi|gi.fo|g € F(k)| F(k)* if (A|g)©(f]g) =1,
then s((f | g1) ® (2 | &2)) = s(fi | &) + s(%2 | &).
Then s satisfies the following properties:
o s(- | g) is a state on F(k) for all g € F(k)* with ker(g) = 0.
o s(g|g)=1"forevery g € B(F(k))NF(k)*.
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BAYES STATES

IDEA
Is a state on a conditional MV-algebra a conditional state ?

Theorem. Let s be a state on F(k) |1 F(k)*, that is
s: F(k) |1 F(k)* — [0,1] is such that:
e s(T)=1 and,
o forall fi | g1, 6 | & € F(k) | F(k)', if (il &) O (h] &)=L,
then s((f1 | g1) © (2 | 82)) = s(fi | &1) + s(f2 | &2)-
Then s satisfies the following properties:
o s(- | g) is a state on F(k) for all g € F(k)* with ker(g) = 0.
o s(g|g)=1"forevery g € B(F(k))NF(k)*.
o s(Fof|g)=s(f"|g)s(f|f ©g)forany f e F(k),
fl € B(F(k)), g € B(F(k)) N F(k)* such that f' & g € F(k)*-

Hosni (Progic 2009) On Many-Valued Conditionals 19/09/09 26 / 27



KEY RESULTS

Within this framework we are able to prove that

e conditional MV-algebras are a proper generalization of
conditional boolean algebras

e conditional states (in the sense of Gerla) are representable in a
suitable conditional MV-algebra
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